We study 2+1 dimensional phases with topological order, such as fractional quantum Hall states and gapped spin liquids, in the presence of global symmetries. Phases that share the same topological order can then differ depending on the action of symmetry, leading to symmetry enriched topological (SET) phases. Here we present a K-matrix Chern-Simons approach to identify all distinct phases with Abelian topological order, in the presence of unitary or anti-unitary global symmetries . A key step is the identification of an edge sewing condition that is used to check if two putative phases are indeed distinct. We illustrate this method for the case of Z2 topological order (Z2 spin liquids), in the presence of an internal Z2 global symmetry. We find 6 distinct phases. The well known quantum number fractionalization patterns account for half of these states. Phases also differ due to the addition of a symmetry protected topological (SPT) phase. Also, we allow for the unconventional possibility that anyons are exchanged by the symmetry. This leads to 4 additional phases with symmetry protected Majorana edge modes. Other routes to realizing protected edge states in SET phases are identified. Symmetry enriched Laughlin states and double semion theories are also discussed. Two surprising lessons that emerge are: (i) gauging the global symmetry of distinct SET phases can lead to states with the same topological order (ii) gauge theories with distinct Dijkgraaf-Witten topological terms may have the same topological order.
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I. INTRODUCTION
It was long believed that phases of matter arose from different patterns of symmetry breaking 1, 2 . The discovery of integer 3 and fractional 4 quantum Hall (FQH) effects demonstrated however that there exist many different phases of matter which lie outside this paradigm. In particular, the FQH states differ in their internal quasiparticle structure as well as their boundary excitations and are said to realize 5, 6 'topological order' which implies ground state degeneracy (GSD) on a closed manifold (a Riemann surface of genus g) and emergent anyon excitations which obey neither bosonic nor fermionic statistics. Another class of topologically ordered phases are gapped arXiv:1302.2634v2 [cond-mat.str-el] 2 Mar 2013 quantum spin liquids 6 . Recently, several examples of gapped spin liquids have appeared in numerical calculations of fairly natural spin 1/2 Heisenberg models, on the Kagome 7 and square lattice (with nearest and next neighbor exchange) 8, 9 . Calculations of entanglement entropy point to Z 2 topological order 10, 11 . However, the precise identification of these phases require understanding the interplay between topological order and symmetry in these systems. The symmetries include both on-site global spin rotation and time reversal symmetries, as well as the space group symmetries of the lattice. Kagome lattice antiferromagnets, such as herbertsmithite, may provide experimental realization of this physics, although experimental challenges arising from disorder and residual interactions continue to be actively studied. This motivates the study of distinct topologically ordered phases that may arise in the presence of symmetry [12] [13] [14] [15] [16] [17] [18] In the presence of symmetry, the structure of topological orders is even richer. The microscopic degrees of freedom in the system are either bosons or fermions, and they must form a linear representation of the symmetry group G s . The emergent anyons, however, doesn't need to form a linear representation of G s . Instead they could transform projectively under symmetry operation, i.e. each of them can carry a fractional quantum number of symmetry. For example, the Laughlin FQH states at filling fraction ν = 1/m, 5 , where each elementary quasiparticle carries a fractional (1/m) of the electron charge. This phenomena is widely known as fractionalization, although a more appropriate name is perhaps symmetry fractionalization 15, 16, 19 . And the associated symmetry in Laughlin states is the U (1) charge conservation of electrons. While the emergent quasiparticles transform projectively (instead of linearly), the microscopic degrees of freedom always transform linearly under symmetry, simply because each microscopic degrees of freedom can be regarded as a conglomerate of multiple emergent quasiparticles.
Even in the absence of topological order, when symmetry G s is preserved, different symmetry protected topological (SPT) phases 20 emerge which are separated from each other through phase transitions. These SPT phases feature symmetry protected boundary states which will be gapless, unless symmetry G s is (spontaneously or explicitly) broken on the boundary. Well known examples of SPT phases are topological insulators 21, 22 and superconductors 23 . In 2+1-D all SPT phases have symmetry protected non-chiral edge modes [24] [25] [26] .
The existence of SPT phases further enrich the structure of topological orders in the presence of symmetry. In other words, topologically ordered phase is not fully determined by how its (anyon) quasiparticles transform (projectively or not) under symmetry: its microscopic degrees of freedom could form a SPT state in parallel with the topological order 16 . The formation of SPT state will e.g. bring in new structures to the edge states of the topologically ordered system, and lead to a distinct symmetry enriched topological (SET) order. Therefore, two Figure 1 : (color online) Edge Sewing Criterion to distinguish symmetry enriched topological (SET) phases. Only the microscopic degrees of freedom i.e. "electrons" (and not gauge charged objects such as anyons/fractionalized quasiparticles) can tunnel between the two edges of a pair of semi-infinite cylinders. If two SET phases can be continuously tuned into one another without a phase transition (while preserving symmetry), there is a "smooth" sewing between the two cylinders of SET phases #1 and #2. This implies that all edge excitations are gapped by a few symmetry-allowed terms that tunnel "electrons" between the two edges. In the thermodynamic limit these tunneling terms lead to M degenerate ground states, corresponding exactly to the M -fold torus degeneracy of the topological order. On the other hand, if the two SET phases are different, there is no such "smooth" boundary condition to sew the two edges. A precise version of this statement is formulated in Criterion I in Section II E. different SET phases sharing the same topological order can differ by the symmetry transformation on their anyon quasiparticles, or by their distinct boundary excitations. Clearly we have a question here: given two states sharing the same topological order while preserving symmetry G s , can they be continuously connected to each other without a phase transition, if symmetry G s is preserved?
We address this issue for 2+1-D (Abelian) topological orders. Focusing on on-site (instead of spatial) symmetries, we present a universal criterion (Criterion I in section II E) related to the edge states of these 2+1-D SET phases, which works for both unitary and anti-unitary on-site symmetries. The physical picture behind this criterion is demonstrated in FIG. 1. Two SET phases #1 and #2 living on the two cylinders are considered the same if they can be smoothly connected together via tunneling of microscopic degrees of freedom between the two edges. Distinct SET phases on the other hand, present an obstruction to such a smooth sewing.
The above criterion allows us to clarify the structure of symmetry enriched topological (SET) orders in 2+1-D. The method we follow is the Chern-Simons approach, which provides a unified description for lowenergy bulk and edge properties of a generic Abelian topological order [27] [28] [29] in 2+1-D. In particular the bulkedge correspondence 30, 31 in Chern-Simons approach enables us identify all edge excitations with their bulk counterparts, such as the microscopic degrees of freedom (bosons/fermions) and anyons. Therefore the above criterion of smooth sewing boundary conditions for two dif-ferent SET phases can be made precise within the ChernSimons approach (see section II E).
More concretely, a 2+1-D Abelian topological phase is fully characterized by a symmetric integer matrix K in the Chern-Simons approach. When symmetry G s is preserved in the system, the anyons could carry a fractional symmetry quantum number (or transform projectively under the symmetry 12 ), while the microscopic degrees of freedom (bosons/fermions) must form linear representations of the symmetry group G s = {g}. The relation between microscopic degrees of freedom and fractionalized anyon excitations is especially clear in the Chern-Simons approach.
Based on the mentioned Criterion I to differentiate distinct SET phases, we can classify all different SET phases with the same topological order {K} and symmetry G s . In this work, we studied various examples: Z 2 spin liquids 32 , double semion theory 33, 34 and bosonic/fermionic Laughlin states 5 at filling fraction ν = 1/m. We consider both anti-unitary time reversal symmetry G s = Z T 2 , and unitary G s = Z 2 or Z 2 × Z 2 . These are the analogs of the spin rotation symmetry of Heisenberg magnets. Classification of these SET phases with symmetry G s are summarized in TABLE I-V.
Unconventional SET Phases: We divide SET phases into two types -conventional and unconventional. In conventional SET phases, all (anyon) quasiparticles merely obtain a U (1) Berry phase under any symmetry operation. In contrast, in the more exotic 'unconventional' SET phases, certain symmetry operations exchange two inequivalent anyons, instead of just acquiring U (1) Berry phases. For example, under on-site unitary Z 2 symmetry operation, the two anyons i.e. the electric charge e and magnetic charge m of a Z 2 spin liquids are exchanged (see TABLE III) . Previously, such a transformation law was considered in the Wen 'plaquette' model [35] [36] [37] for translation symmetry, in contrast to the internal Z 2 symmetry considered here. These "unconventional" SET phases have some striking properties. First, the edge features gapless Majorana edge modes that are protected by symmetry. Next, if Z 2 symmetry is broken at the edge, then a Majorana fermion is trapped at the edge domain wall. Finally, as illustrated in FIG. 2 , when a pair of electric charge (e) is created at opposite sides of a sphere, we can divide the system into two subsystems A and B, so that there is one electric charge e localized in each subsystem. Now if we perform the Z 2 symmetry operation only in subsystem A (flip all the spins), the electric charge e therein will become a magnetic charge m. Since an electric charge e and a magnetic charge m differs by a fermion f (e × f = m or m × f = e) in the Z 2 spin liquid, this means a fermion mode f must simultaneously appear at the boundary separating subsystem A and B, as the Ising symmetry is acted on A. This is discussed in Section III B 2 and Section III B 4.
Symmetry Protected Edge States: In general, the nonchiral topological orders, like Z 2 topological order and double semion models, do not have gapless excitations at the edge. However, these may appear with additional symmetry. Indeed, the 'unconventional' Z 2 SET phases have Majorana edge states. Since they are protected by an onsite Z 2 symmetry, they are stable even in the presence of disorder that breaks translation symmetry along the edge. Two further mechanisms for gapless edge modes in 'conventional' SET phases may be identified. The first is the trivial observation that adding an SPT phase leads to a corresponding protected edge state.The second mechanism operates when both the electric and magnetic particle of the Z 2 gauge theory transforms projectively under symmetry. Then, one cannot condense neither of them at the edge -implying a protected edge. Details appear in Sec.III F.
Gauging Symmetry: A powerful tool in studying the effect of an onsite unitary symmetry G s is the consequence of gauging it 17, 25 . This means the global G s symmetry is promoted to a local "gauge symmetry", which leads to new topological orders. Distinct topological orders can help distinguish different actions of the symmetry in the ungauged theory. By this procedure in 2+1-D, nonlinear sigma models with topological terms, which describe SPT phases 20 can be mapped to gauge theories with a topological term 17, 25 , discussed by Dijkgraaf and Witten 38 . In this work we systematically study the consequences of gauging unitary on-site symmetry in Abelian SET phases. It turns out for "conventional" (type-I) SET phases, the new topological order obtained by gauging symmetry is always Abelian and Chern-Simons theory is a natural framework to derive it. In contrast to the belief that different 'conventional' SET phases always lead to different topological orders after gauging its symmetry, we found that many different SET phases (with a common topological order and symmetry group G s ) can lead to the same topological order once the symmetry is gauged 76 , as shown in TABLE II and IV. Somewhat surprisingly, this furnishes examples where a gauge theory with two distinct DijkgraafWitten 38 topological terms, correspond to the same topological order. Here the topological terms arising for the gauge group Z 2 ×Z 2 are obtained by gauging SPT phases and correspond to elements of H 3 (Z 2 × Z 2 , U (1)). Theories for distinct elements are shown to be equivalent on relabeling quasiparticles (an SL(4, Z) transformation). Therefore the distinction between these theories requires additional information such as specification of electric vs. magnetic charges (Section III B 3).
For "unconventional" (type-II) SET phases, however, gauging the symmetry leads to non-Abelian topological orders. For example the unconventional Isingsymmetry-enriched Z 2 spin liquids, after gauging the Ising (G s = Z 2 ) symmetry, lead to non-Abelian topological orders with 9-fold GSD on a torus. Interestingly, they can be naturally embedded within Kitaev's 16-fold way classification 39 of 2+1-D Z 2 gauge theories (see TA-BLE III and VI). In this case a vertex algebra approach 40 can be introduced to extract all information of the non-Abelian topological order. In particular after gauging the on-site Ising (Z 2 ) symmetry, a new quasiparticle q g (called Z 2 vortex) emerges as deconfined excitations. It is a non-Abelian anyon in the unconventional (type-II) SET case, which corresponds to the edge domain wall bound state in FIG. 4 .
Spin 1/2 From K-Matrix CS Theory: We demonstrate how an emergent 'spin 1/2' excitation can be realized in the Chern Simons formalism, by studying Z 2 gauge theories with Z 2 × Z 2 symmetry. The latter has a projective representation that can protect a two fold degenerate state, analogous to spin 1/2. This is accomplished by expanding the 2×2 K-matrix of a Z 2 gauge theory to a 4×4 matrix by adding a trivial insulator. Symmetry transformations implemented in this expanded space have the desired properties (in SectionIII E).
Connection to Other Work: A symmetry based approach was used to classify Z 2 spin liquids in Ref. 15 . An advantage of that approach is that it treated both internal and space group symmetries. However, topological distinctions and the appearance of edge states are not captured. Also, the 'unconventional' symmetry realizations were not discussed. Finally, as mentioned in Ref. 15 the symmetry based approach produces forbidden Z 2 SETs, that cannot be realized in 2D, but only as the surface state of a 3D SPT phase 41 . Our K-matrix approach does not produce such states. A different classification scheme in Ref. 16 , produces a subset of our 'conventional' phases although explicit lattice realizations are given for them. Finally, Ref.17 gave a classification based on gauging the symmetry, which misses distinctions between phases as discussed previously. Our approach is perhaps closest to that adopted in Ref.14, which however was restricted to time reversal symmetric topological states. Thus the results in this paper go beyond previous classifications of Z 2 -symmetry-enriched Z 2 gauge theories (including Z 2 spin liquid and double semion theory), and a detailed comparison is given in Section III B 3. This paper is organized as follows. In Section II we introduce the Chern-Simons K-matrix approach to (Abelian) symmetry enriched topological (SET) phases in 2+1-D. Rules for implementing on-site symmetry in a topologically ordered phase are discussed in Section II D, with criteria to differentiate distinct SET phases in Section II E. Next, in Section III, we demonstrate our approach by classifying SET phases in a few examples. They include:(i) Z 2 spin liquid with (anti-unitary) time reversal symmetry (G s = Z In two spatial dimensions, a generic gapped phase of matter is believed to be described by a low-energy effective Chern-Simons theory in the long-wavelength limit [27] [28] [29] 38, 42 . Both the bulk anyon excitations and the gapless edge states are captured by the effective theory 31 . Examples include integer and fractional quantum Hall states 6 , gapped quantum spin liquids 36, 43, 44 and topological insulators/superconductors. When we restrict ourselves to the case of gapped Abelian phases where all the elementary excitations in the bulk obey Abelian statistics 45 , a complete description is given in terms of Abelian U (1) N Chern-Simons theory [27] [28] [29] 31 . To be specific, the low-energy effective Lagrangian of U (1) N Chern-Simons theory has the following generic form
where µ, ν, λ = 0, 1, 2 in 2+1-D and summation over repeated indices are always assumed. Here · · · represents higher-order terms, such as Maxwell terms
2 . K is a symmetric N × N matrix with integer entries. Notice that the U (1) gauge fields a I µ are all compact in the sense that they are coupled to quantized gauge charges with currents j µ I . In the first quantized language the quantized quasiparticle currents j µ I are written as
where
2 ) denotes the position of the nth quasiparticle, and gauge charges l (n) I are all quantized as integers. We can simply label the n-th quasiparticle by its gauge charge vector
T . The self(exchange) statistics of a quasiparticle l is given by its statistical angle
while the mutual(braiding) statistics of a quasiparticle l and l is characterized bỹ
The above statistics comes from the nonlocal Hopf Lagrangian 46 of currents j µ I , obtained by integrating out the gauge fields a I µ in (1) . A simple observation from (3) is that for a quasiparticle excitation with gauge chargẽ
its mutual statistical with any other quasiparticle l is a multiple of 2π. In other words, the quasiparticlesl = Kl are local 47 with respect to any other quasiparticles l . Therefore they are interpreted as the "gauge-invariant" microscopic degrees of freedom in the physical system: such as electrons 28 in a fractional quantum Hall state, and spin-1 magnons in a spin-1/2 Z 2 spin liquid
12 . Another direct observation is that when all diagonal elements of matrix K are even integers, the microscopic degrees of freedom have bosonic statistics θ = 0 mod 2π, and (1) describes a bosonic system. When at least one diagonal elements of K are odd integers, there are fermionic microscopic degrees of freedom in the system.
The ground state degeneracy (GSD), as an important character for the topologically ordered phase described by effective theory (1) is
on a Riemann surface of genus g. On the torus with g = 1, the corresponding GSD= | det K| also equals the numbers of different anyon types (or the number of superselection sectors 39, 47 ) in the 2+1-D topological ordered system. A simple picture is the following: any two anyons differing by a (local) microscopic excitations are the same (or more precisely, belong to the same superselection sector) in the sense that they share the same braiding properties:
Therefore different quasiparticle types correspond to inequivalent integer vectors l ∈ Z N in a N -dimensional lattice, where the Bravais lattice primitive vectors are nothing but the N column vectors of matrix K. As a result | det K|, the volume of the primitive cell in l-space, counts the number of different quasiparticle types (or superselection sectors) in a topologically ordered system described by effective theory (1).
B. Edge excitations of an Abelian topological order
There is a bulk-edge correspondence 31, 48 for effective theory (1) . When put on an open manifold M with a boundary ∂M, the gauge invariance of effective Lagrangian (1) implies the existence of edge states on the boundary ∂M. The N chiral boson fields {φ I φ I + 2π|1 ≤ I ≤ N } capture the edge excitations. To be specific, assuming the manifold M covers the lower half-plane r 2 < 0, then edge excitations localized on the boundary ∂M = {(r 1 , r 2 )|r 2 = 0} has the following effective Lagrangian
where rE stands for the right edge. On the other hand, if the manifold M instead covers the upper half-plane r 2 > 0, the corresponding edge theory becomes
where lE means left edge here. V is a positive-definite real symmetric N ×N matrix, determined by microscopic details of the system. The edge effective theories (5)- (6) imply the following Kac-Moody algebra 31 of chiral boson fields:
where +(−) sign corresponds to the right(left) edge. The signature (n + , n − ) of matrix K now has a clear physical meaning from (5)- (6): each positive(negative) eigenvalue of K corresponds to a right-mover (left-mover) on the right edge (5) and a left-mover (right-mover) on the left edge (6) . Similar to the quasiparticle excitations in the bulk labeled by their gauge charge l, associated quasiparticles on the edge V l = exp( i I l I φ I ) are also labeled by an
T . This identification between bulk quasiparticle l and edge excitationsV l indicates that each (local) microscopic degree of freedom (4) in the bulk also has a correspondent local excitation on the edge:Vl =V Kl . For a N × N matrix K, all these local excitations on the edge are composed of the following N independent local excitations (microscopic degrees of freedom on the edge):
In the context of fractional quantum Hall states, these local operators on the edge are called 31, 49 "electron operators".
Here let's go over the simplest case with no symmetry, when symmetry group G s = {e} and e denotes the identity element of a group. In this case all the (local) microscopic boson degrees of freedom can condense in the bulk, and accordingly on the edge the following Higgs terms can be added to Lagrangian (5)-(6)
where C I and χ I are all real parameters. Notice that constant factor
guarantees the self statistics (2) of local quasiparticlê
is bosonic, since ifM I is fermionic the Higgs term (8) will violate locality. The Abelian topological order (featured by GSD on genus-g Riemann surfaces and anyon statistics) will not be affected by these Higgs terms 26, 50, 51 , since all anyon excitations are local with respect to the microscopic boson degrees of freedom. As a result the condensation of local bosonic degrees of freedom {M I } will not trigger a phase transition, when there is no symmetry in the Abelian topological order. Hence in a general ground these Higgs terms (8) should be include in the low-energy effective theory (1),(5)-(6) of an Abelian topological order, in the absence of any symmetry. Since Higgs terms (8) are generally present in the edge effective theory (when there is no symmetry), they will introduce backscattering processes on the edge. A natural question is the stability of gapless edge excitations 52 . When n + = n − for the signature (n + , n − ) of matrix K, there is a net chirality for edge states (5)-(6) and they cannot be fully gapped out by the Higgs terms (8) . A physical consequence is a nonzero thermal Hall conductance in the system 53 . If n + = n − on the other hand, there is no net chirality on the edge. But this doesn't mean the edge states can be gapped out by Higgs term (8) : the simplest counterexample is K = 3 0 0 −5 , whose
edge cannot be gapped out even in the absence of any symmetry. When the system preserves symmetry G s , the structure of edge states is richer. Typically some Higgs terms in (8) will be forbidden by symmetry, and there will be symmetry-protected edge excitations 26, 37, 54 in the Abelian topological order. In other words certain branches of edge excitations will either remain gapless when symmetry G s is preserved, or become gapped out when symmetry G s is spontaneously broken on the edge. For a general discussion on the stability of edge modes in an Abelian topological order we refer the readers to section III of Ref. 26 . For the SET phases studied in this work, their edge stabilities are briefly discussed in section III F.
C. Different Chern-Simons theories can describe the same topological order
For symmetric unimodular K matrix with det K = ±1, the ground state of system (1) is unique on any closed manifold. Consistent with the nondegenerate ground state on torus, any quasiparticle l is either bosonic or fermionic with trivial mutual statistics with each other. Hence there is no topological order in the system 14, 26 when det K = ±1. However the corresponding gapped phase can still have gapless chiral edge modes on its boundary, which are stable against any perturbations. Well-known examples are the integer quantum Hall effects where K is an N × N identity matrix. On the other hand, if
the edge excitations will be non-chiral (the same number of right-and left-movers) and are generally gapped in the absence of symmetry 26 . In these cases we call the corresponding phase a trivial phase in 2+1-D, since it's featureless both in the bulk and on the edge and can be continuously connected to a trivial product state without any phase transition 20 .
One key point we want to emphasize is that the ChernSimons theory description for a certain topologically ordered phase is not unique. In other words, two different K matrices for effective theory (1) can correspond to the same topological phase, with the same set of quasiparticle (anyon) excitations. The two features described below are crucial for the classification of symmetry enriched topological orders.
First of all, the following GL(N, Z) transformation on the K matrix yields an equivalent description for the same phase
where GL(N, Z) represents the group of N × N unimodular matrices. This GL(N, Z) transformation X merely relabels the quasiparticle (anyon) excitations so that l →l = X −1 l. It's straightforward to see that all the topological properties, such as quasiparticle statistics and GSD are invariant under such a GL(N, Z) transformation. A brief introduction to GL(N, Z) group is given in Appendix A.
Secondly, notice that a trivial phase satisfying (10) can always be added to a topologically ordered phase without changing any topological properties (such as quasiparticle statistics, GSD and chiral central charge of edge excitations 39 ). One just needs to enlarge the Hilbert space to include some new microscopic degrees of freedom, which form a trivial phase. Mathematically addition of a topologically ordered phase with matrix K and a trivial phase with matrix K t satisfying (10) is carried out by the matrix direct sum 26 :
Therefore two K matrices of different dimensions can describe the same topologically ordered phase. Typically in a bosonic system (where the microscopic degrees of freedom are all bosons) the generic trivial phase is represented by 14, 26 
Meanwhile in a fermionic system, both (13) and
together represent a generic trivial phase.
D. Implementing symmetries in Abelian topological orders
Our discussions in the previous section didn't assume any symmetry 77 in the topologically ordered phase.
Without any symmetry, an Abelian topological order is fully characterized by its K matrix. In the presence of symmetry, however, K matrix alone is not enough to describe a symmetry enriched topological (SET) phase: e.g. distinct SET phases that are separated from each other by phase transitions can share the same K matrix. The missing information is how the bulk quasiparticles (with currents j µ I ) in effective theory (1) transform under the symmetry. The corresponding information in the edge states (5)- (6) is how the chiral boson fields {φ I , 1 ≤ I ≤ N } transform under symmetry.
We will restrict to unitary and anti-unitary onsite symmetries in this work. By onsite symmetries we mean the local Hilbert space is mapped to itself 24 under the symmetry transformation, so that the symmetries act in a "on-site" fashion. In this case studying the symmetry transformations of bulk quasiparticles (with currents j µ I ) is equivalent to 26 studying the symmetry transformations of edge chiral bosons {φ I , 1 ≤ I ≤ N }. Henceforth we'll focus on the chiral boson variables on the edge to study their transformation rules under symmetry operations, in the presence of a symmetry group G s .
Most generally, under the operation of symmetry group element g ∈ G s , the chiral boson fields {φ I } transform in the following way 26 :
where η g = +1(−1) for a unitary (anti-unitary) on-site symmetry. This is simply because under an anti-unitary symmetry operation (such as time reversal t → −t) the Chern-Simons term µνλ a I µ ∂ ν a J λ changes sign, and in order to keep the Lagrangian (1) in the bulk or (5)-(6) on the edge invariant, K must change sign under the GL(N, Z) rotation W g . Notice that the above symmetry transformations {W g , δφ g |g ∈ G s } must be compatible with group structure of symmetry group G s . This provides a strong constraint on the allowed choices of GL(N, Z) rotations {W g } and U (1) phase shifts {δφ
. To be precise, the consistent conditions for symmetry transformations {W g , δφ g |g ∈ G s } on an Abelian topological order characterized by matrix K is summarized in the following statement:
The (nonlocal) quasiparticle excitations {Q I (x, t) ≡ e i φ I (x,t) } transform projectively under symmetry group G s , while the (local) microscopic boson degrees of freedom {M I (x, t) ≡ e i p I J K I,J φ J (x,t) } in (9) must form a linear representation of symmetry group G s . Here constant factor p I = 1 if K I,I = even, or p I = 2 if K I,I = odd.
In the following we'll discuss why (local) microscopic boson degrees of freedom must form a linear representation of symmetry group G s . Imagine an Abelian topolgical ordered phase preserves symmetry G s . For simplicity let's consider G s = Z 2 = {g, e} for an illustration. We denote the generator of the Z 2 group as g. It satisfies the following Z 2 multiplication rule:
And under this Z 2 symmetry operation g the edge chiral bosons transform as (15) . Consider we weakly break the Z 2 symmetry without closing the bulk energy gap (no phase transition). Now Z 2 operation g is not a symmetry anymore and there is no symmetry in the system. Therefore all the local bosonic degrees of freedom {M I (x, t) ≡ e i p I J K I,J φ J (x,t) |1 ≤ I ≤ N } can condensed and Higgs term (8) should be allowed. At the same time, notice that g 2 = e is still a "symmetry" of the system. When symmetry operation g act twice, its transformations on chiral bosons φ(
where 1 N ×N denotes an N × N identity matrix. And we must require all Higgs terms (8) with arbitrary parameters {C I , χ I } are allowed by "symmetry" g 2 = e in (17) . In other words all the Higgs terms in (8) should remain invariant when Z 2 operation g act twice as in (17)! This means the argument of any cosine (Higgs) terms in (8) must be invariant up to a 2π phase, leading to the following relation:
where we defined N × N diagonal matrix P I,J = p I δ I,J and n = (n 1 , · · · , n N ) T ∈ Z N is an integer vector. The above relation can be rewritten as
These are the group compatibility conditions on the symmetry transformation (15) for a Z 2 symmetry group G s = {g, e = g 2 }. These conditions will be applied in the examples later.
In a generic case, symmetry group G s (and its multiplication table) is fully determined by a set of algebraic relations
where {g 1 , · · · , g Ng } is a set of generators in group G s . Each algebraic relation A m1,··· ,m Ng gives rise to a consistent condition with an integer vector n m1,··· ,m Ng , just like (18) in the G s = Z 2 case. When all these group compatibility conditions are satisfied, any local bosonic degrees of freedom
is invariant under symmetry operation A m1,··· ,m Ng . By definition they form a linear representation of the symmetry group G s . On the other hand, a generic quasiparticle excitationV
could still transform nontrivially under consecutive symmetry operation A m1,··· ,m Ng (which equals identity e in symmetry group G s ). Therefore these (fermionic or anyonic) excitations transform projectively 12,26 under symmetry group G s .
E. Criteria for different symmetry enriched topological orders
In the previous section we discussed the consistent conditions on the symmetry transformations on the quasiparticle excitations in an Abelian topological order. In terms of chiral boson fields φ(x, t) which captures the quasiparticle contents in an Abelian topological order, under symmetry transformations (15) (labeled by {W g , δ φ g |g ∈ G s } for symmetry group G s ), the (local) bosonic degrees of freedom (9) transform linearly while (nonlocal) anyonic degrees of freedom {e i φ I } can transform projectively. Together with matrix K which contains all the topological properties, the following set of data
fully characterizes a symmetry enriched topological (SET) phase in the presence of symmetry group G s . A natural question is: is such a data a unique fingerprint for a SET phase? Can two different sets of data describe the same SET phase? Not surprisingly the answer is yes. A trivial example is discussed earlier when symmetry group is trivial G s = {e} and two different K matrices corresponds to the same Abelian topological order. So how can we tell whether two sets of data (19) describe the same SET phase or not? In the following we'll propose a few criteria, which thoroughly address this question.
The first criterion comes from the physical picture that there is no "smooth" boundary condition under which we can sew two different SET phases with the same topological order and symmetry group G s . This is rooted in the fact that two different SET phases cannot be continuously (no phase transitions in between) connected to each other without breaking the symmetry. The above physical picture can be made more precise mathematically in the following way. First we require K L K R describe the same Abelian topological order in the absence of symmetry, i.e. they have the same topological properties such
and quasiparticle statistics. This is because two SET phases are certainly different if they correspond to different topological orders when symmetry is broken.
Consider a left edge (6) 
where T α , ϕ α are real parameters. According to KacMoody algebra (7) for the chiral bosons, the condition on the 2nd line means the variables in each cosine term of (20) commute with itself and can be localized at a clas-
Of course every tunneling term in (20) must be allowed by symmetry, i.e. they remain invariant under symmetry transformation (15) . The edge states is fully gapped
is either pinned at a classical value or doesn't commute with at least one variable of the cosine terms in (20) . Notice that each cosine term in (20) must contain local operators from both edges.
Let's take a look at the simplest case, when the two SET states share exactly the same set of data (19) . In this case the tunneling term (20) 
is allowed by symmetry G s and will gap out the edge states. Notice that all cosine terms commute with each other, so they can be minimized simultaneously. One important feature of the above tunneling terms is that there are | det K| inequivalent classical minima 49 for the {φ L J − φ R J } variables of the cosine terms. In other words, the chiral bosons will be pinned at one of the | det K| classical values by the above tunneling terms. These | det K| have a one-to-one correspondence to the | det K| degenerate ground states on torus of the Abelian topological order here.
When the two sets of data,
for the right edge correspond to two different SET phases, on the other hand, there is no way to smoothly sew the left and right edges together. In this case when tunneling term (20) allowed by symmetry G s is added, either certain chiral boson modes remain gapless or the number of classical minima is more than
And our first criterion is This criterion applies universally to both unitary and anti-unitary symmetries (such as time reversal symmetry). When det K L/R = ±1 it automatically reduces to the criterion for different symmetry protected topological (SPT) phases in the Chern-Simons approach 26 . A direct consequence of Criterion I are the following two corollaries Corollary I:
If the two sets of data share the same matrix K L = K R , and all their local microscopic degrees of freedom (4) transform in the same way under symmetry G s , then they belong to the same SET phase since their edges can be sewed together smoothly by term (21) .
Next, notice that a GL(N, Z) transformation (11) can always be performed on a K matrix without changing the topological order. It simply relabels different quasiparticles. Besides, U (1) gauge transformations can always be performed on gauge fields a I µ and chiral bosons {φ I }. The most general gauge transformations that relabel quasiparticles have the following form
where ∆φ I ∈ [0, 2π) are constants. We denote such a gauge transformation as {X, ∆ φ}. Under such a gauge transformation, the set of data (19) changes as
and η g remains invariant. Here comes the second corollary Corollary II: any two sets of data (19) that can be related to each other by a gauge transformation (23) correspond to the same SET phase.
Last but not least, an important lesson from studies of SPT phases is that there is a duality 25, 38 between SPT phases and gauge theories (or intrinsic topological orders). This duality is established by gauging the (unitary) symmetry G s in the SPT phase, i.e. coupling the physical degrees of freedom (which transform under symmetry G s ) to a gauge field 25 (with gauge group G s ). One conjecture is that different SPT phases with G s symmetry always leads to distinct G s gauge theories. Naively one would expect this also holds for SET phases 17 : two different G s -symmetry-enriched G g topological orders (gauge theories) will lead to different G topological orders (gauge theories) where G/G g = G s , when the symmetry G s is gauged. However as will be shown by the examples studied in this work, this is not true. In spite of that, the converse (inverse) statement is still true:
Criterion II: After gauging the unitary symmetry G s , if two SET phases (with symmetry G s ) lead to two different topological orders, they must belong to two distinct SET phases.
Criterion II only applies to unitary symmetries. As will become clear in the examples, in certain cases (which we call "unconventional" SET phases), gauging an Abelian symmetry in an Abelian topological order will lead to non-Abelian topological orders 55 .
In the following sections we will demonstrate these criteria by classifying different SET phases with (anti-)unitary Z 2 symmetries. The Abelian topological orders that will be studied include Z 2 spin liquid 
III. EXAMPLES
In this section we'll apply the Chern-Simons approach discussed in previous sections to various Abelian topological orders. We start by classifying Z 2 spin liquid with time reversal symmetry G s = Z T 2 and with a unitary Z 2 symmetry G s = Z 2 . Usually by Z 2 spin liquids people assume that there are certain fractionalized quasiparticles carrying spin quantum numbers, coined "spinons" and other fractionalized quasiparticles carrying no spin quantum numbers, coined "visons". The mutual (braiding) statistics of a spinon and a vison is semionic (θ s,v = π), while the self statistics of a vison is bosonic. A Z 2 spin liquid has 4-fold GSD on a torus. All these topological properties are captured by the Chern-Simons theory (1) with
In the context of this work, we don't assume spin rotational symmetry and vision/spinon generically cannot be distinguished from their quantum numbers. Despite this fact we still use the name "Z 2 spin liquid" to label this Abelian topological order. The 4 degenerate ground states on a torus correspond to the 4 superselection sectors, which are associated with the 4 inequivalent quasiparticles:
where both e and m have bosonic self statistics and they denote electric and magnetic charge in a Z 2 gauge theory 32 respectively. f is the bound state of an electric charge and a magnetic charge, with fermionic self statistic. 0 corresponds to any local microscopic degrees of freedom (4), belonging to the vacuum sector. In the folklore of Z 2 spin liquid, a vison is e (or m), and accordingly a bosonic spinon is m (or e).
A. Classifying Z2 spin liquids with time reversal symmetry
As a warmup we consider Abelian topological order (24) with symmetry group Z T 2 = {g, e = g 2 } with algebra (16) . Notice that the generator of Z T 2 group, g is an anti-unitary operation with η g = −1 in (15) . In this case we rely on Criterion I and its corollaries to differentiate different Z T 2 -SET phases. The associated group compatibility condition (18) for
The W g ∈ GL(2, Z) solution to the above conditions is
However notice that the following GL(2, Z) gauge transformations (23) keep the K matrix (24) invariant:
And we can fix the gauge by choosing for time reversal operation g. Then solving the 2nd line of conditions (26) we obtain
We can always choose a gauge transformation {X = 1 2×2 , ∆ φ} in (23) so that δφ 1 = 0. Meanwhile since l = (2, 0) T and l = (0, 2) T are the local excitations in the system, according to Corollary II, n 1 =even all corresponds to the same SET phase. Meanwhile n 1 =odd leads to another SET phase, which is distinctive from the n 1 =even SET phase. This is because the magnetic charge m (0, 1) T transforms projectively in n 1 =odd phase but transforms linearly in the n 2 =even phase under time reversal symmetry. It's straightforward to check that there is no way to smoothly sew the two edges of n 1 =even and n 1 =odd SET phases by a time-reversalinvariant tunneling term (20) , which has 4-fold degenerate classical minima. Therefore according to Criterion I they belong to two different SET phases. These are the only two different classes of Z T 2 -symmetry-enriched Z 2 spin liquids, as summarized in TABLE I.
Since the previous calculations are based on 2 K matrix (24) , it is natural to ask: what if we enlarge the dimension of K matrix (12) by introducing the trivial part with (13) ? In this new representation of the same Abelian topological order, will we get more SET phases or not? Notice that the trivial part (13) is nothing but the K matrix for a bosonic SPT phase 14, 26 in 2+1-D. For antiunitary Z T 2 symmetry, there is no nontrivial bosonic SPT phase 20, 26 in 2+1-D. This means the edge chiral bosons for the trivial parts can always be gapped out by introducing symmetry-allowed backscattering cosine (Higgs) terms, whose classical minima is pinned at a unique classical value since | det K t | = 1. According to Criterion I, in the presence of Z T 2 symmetry, when the dimension of K is enlarged by adding the trivial parts, it will not introduce any new SET phases.
At the end we discuss the stability of edge excitations in the two SET phases. Notice that the chiral bosons {φ 1,2 } transform as
under time reversal operation g. As a result the edges can be completely gapped by introducing Higgs terms
which pins chiral boson field φ 1 (x, t) to a classical value φ 1 (x, t) = 0 or π, without breaking the time reversal symmetry. Therefore in general there are no gapless edge states for the two SET phases with
Potentially, one could conceive of a phase where both electric and magnetic charges transform projectively under time reversal symmetry. However, such a phase is only possible as the surface state of a 3D SPT phase with time reversal symmetry 41 . The K-matrix classification correctly reproduces the fact that this phase is forbidden.
B. Classifying Z2 spin liquids with onsite Z2 symmetry
As discussed earlier, the reason why 2 × 2 matrix K = 0 2 2 0 is enough to describe all Z T 2 -symmetric Z 2 spin liquids is that there is no nontrivial Z T 2 -SPT phases of bosons in 2+1-D. In other words the possible trivial part (13) that can be added to K in (12) doesn't contribute to new structure to SET phases. However, for a unitary G s = Z 2 symmetry, as will become clear later, there is a nontrivial bosonic SPT phase 20,24,25 whose edge cannot be gapped without breaking the Z 2 symmetry. This 
The gauge inequivalent solutions to W g is the following
We will discuss these two cases separately in the following.
1. "Conventional" Z2-symmetry-enriched Z2 spin liquids
First we discuss the solution W g = 1 4×4 . In this case the anyon quasiparticles (25) in the Z 2 spin liquids merely obtains a U (1) phase factor under the Z 2 symmetry operation g, and we call them "conventional" SET phases. Due to the gauge transformations X = 0 1 1 0
which leave the K matrix invariant, we know that the integer vector n in (27) has the following equivalency relation
Moreover Corollary II tells us
As a result we obtain 6 inequivalent SET phases with W g = 1 4×4 under Z 2 symmetry, with their symmetry transformations δ φ g summarized in TABLE II. We require δ φ = 0 so that the local excitations (4) form a faithful representation 26 of symmetry group G s . In the following we briefly discuss the consequence of gauging the K 0 2 2 0 with unitary symmetry Gs = Z2 = {g, e = g 2 } Data set in (19) :
(000) (100) (010)&m1 = 0 (110) m1 = 2 ? Table II : Classification of "conventional" Z2 spin liquids enriched by onsite (unitary) Gs = Z2 symmetry. There are 6 different "conventional" SET phases, where under Z2 symmetry all quasiparticles (e, m, f ) merely obtain a U (1) phase factor. The data set in the 2nd line completely characterizes these SET phases. Kg denotes the topological order, which is obtained by gauging the unitary Gs = Z2 symmetry in the Z2 spin liquid. Some of these SET phases have Z2 symmetry protected edge states, which will be gapless unless Z2 symmetry is spontaneously broken. On gauging the Z2 symmetry (blue entries), a new quasiparticle excitation (Z2 vortex) qg is obtained, as described in Appendix B. Its statistics (B3)-(B4) are also summarized in the table: its self statistics θq g = 2πhq g has a one-to-one correspondence with its topological spin exp(2π i hq g ).
unitary Z 2 symmetry. A detailed prescription of gauging a unitary symmetry in the Chern-Simons approach is given in Appendix B, where we've shown that gauging
T } yields an Abelian topological order described by matrix K g in (B2). Take #6 for an example, after gauging Z 2 symmetry we have
where the first equivalency is realized by gauge transformation (23) with
From TABLE II one can see that two different SET phases can lead to the same (intrinsic) topological order by gauging their Z 2 symmetry, such as #3 and #4, or #5 and #6.
The stability of edge excitations is also summarized in TABLE II. For SET phases #2 and #4 the gapless edge excitations come from the trivial 0 1 1 0 part (lower 2×2 part) of K matrix, which corresponds to the symmetry protected edge modes of bosonic Z 2 -SPT phases. However for #5 and #6, the topologically ordered 0 2 2 0 part (upper 2 × 2) of K matrix also contribute to c = 1 gapless edge states. In other words in a Z 2 spin liquids, if both e and m transform projectively under Z 2 symmetry, the edge excitations is protected to be gapless unless symmetry is broken. The edge chiral bosons {φ 1,2 } for K = 0 2 2 0 can be refermionized as right-moving branch ψ R ∼ exp i (φ 1 + φ 2 ) and left-moving branch ψ L ∼ exp i (φ 1 − φ 2 ) . The edge effective theory (5) can be rewritten as
where 
Data set in (19) : , ± 5 16 Relation to Kitaev's 16-fold way
Table III: Classification of "unconventional" Z2 spin liquids enriched by onsite (unitary) Gs = Z2 symmetry. There are 4 different "conventional" SET phases, where under Z2 symmetry quasiparticles e and m will exchange. The data set in the 2nd line completely characterizes these SET phases. Kg denotes the topological order, which is obtained by gauging the unitary Gs = Z2 symmetry in the Z2 spin liquid. All these SET phases have Z2 symmetry protected edge states, which will be gapless unless Z2 symmetry is spontaneously broken. However, the central charge c of (symmetry protected) gapless edge states are different. qg is the new quasiparticle excitation (the Z2 vortex) obtained by gauging the "unconventional" Z2 symmetry in the system, as described in Appendix D. Gauging this "unconventional" Z2 symmetry leads to new non-Abelian quasiparticles (blue entries), which has quantum dimension dq g = √ 2 and topological spin exp(2π i hq g ). The quasiparticle contents of the non-Abelian topological orders obtained by gauging Z2 symmetry is summarized in TABLE VI. The "gauged" non-Abelian topological orders for all these 4 SET phases have 9-fold GSD on a torus, corresponding to 9 different superselection sectors.
symmetry g the chiral fermions transform as ψ R → −ψ R and ψ L → ψ L for SET phase #5, and hence backscattering term ψ L ψ R + h.c. and ψ † L ψ R + h.c. are forbidden by Z 2 symmetry. As a result there are gapless edge states in #5 SET phase, protected by Z 2 symmetry.
From TABLE II it seems that in SET phases #5 and #6, anyonic quasiparticles (e, m, f ) transform in the same fashion. They both have symmetry protected edge states, and gauge into the same intrinsic Z 2 topological order K g 0 4 4 0 . It is Criterion I that dictates they are different SET phases. Physically they do have different edge state structures: both in #5 and #6 a pair of counter-propagating chiral fermions from topological order 0 2 2 0 part are protected by symmetry, while in #6 there are also symmetry protected edge modes from the trivial 0 1 1 0 part.
2. "Unconventional" Z2-symmetry-enriched Z2 spin liquids
Here we focus on solutions to (27) with
Notice that one can always choose a proper gauge ∆ φ in (23) so that δφ
, and hence n 1 = n 2 in (27) . There are 4 inequivalent δ φ g solutions of this type to (27) , as summarized in TABLE III. We can see that the electric charge e and magnetic charge m form a two-dimensional representation of Z 2 symmetry group. They transform projectively in SET phases #3 and #4, or transform linearly in SET phases #1 and #2. All these phases host symmetry protected edge excitations on the boundary, but the structure of these gapless edge states (when symmetry is preserved) are different.
For SET phase #1 and #3, the edge chiral bosons φ 3,4 for the trivial 0 1 1 0 part of K matrix can be fully gapped by a cos φ 4 term. However, the chiral bosons φ 1,2 for topologically ordered 0 2 2 0 part of K are protected by Z 2 symmetry. To be precise, in the refermionized description (28) for edge states, the chiral fermions transform as
for δ φ g = π(n 1 /2, n 1 /2, 1, n 3 ) with n 1,3 = 0, 1 in TABLE III. We can rewrite each chiral fermion in terms of two
For phases #1 and #2 with n 1 = 0, the following backscattering term is allowed by Z 2 symmetry
Therefore the ξ R/L branch of Majorana fermions are gapped, while the η R/L branch is protected by Z 2 symmetry. For phases #2 and #4 with n 1 = 1, similarly the following backscattering term
is allowed by Z 2 symmetry. It will gap out η R/L modes and leave Majorana modes ξ R/L gapless. As a consequence a c = 1/2 branch of Majorana fermions will remain gapless, unless Z 2 symmetry is spontaneously broken on the edge. Together with the c = 1 Z 2 -symmetry-protected chiral boson edge 26 from 0 1 1 0 part for phases #2 and #4, we obtain the total central charge c for all 4 "unconventional" SET phases as summarized in TABLE III.
Aside from gapless edge states, another important feature for these "unconventional" SET phases is that they lead to non-Abelian topological orders once the unitary Z 2 symmetry is gauged. For these unconventional SET phases, a vertex algebra approach is introduced in Appendix D to gauge the unitary symmetry. The quasiparticle contents of the "gauged" non-Abelian topological orders for these 4 SET phases are summarized in TABLE VI. The "gauged" topological orders are related to the "unconventional" Z 2 gauge theories describing fermions with odd Chern number ν coupled to a Z 2 gauge field, as Kitaev described in his 16-fold way classification of 2+1-D Z 2 gauge theories 39 . More specifically, these nonAbelian topological orders are Z 2 × Z 2 gauge theories, the direct product of ν =odd Z 2 gauge theory and its time reversal counterpartν = 16 − ν, as summarized in TABLE III. Hence these "gauged" topological orders all have non-chiral edge states (chiral central charge c − = 0), which will generally be gapped in the absence of extra symmetry.
After gauging the symmetry, new quasiparticles with quantum dimension d qg = √ 2 emerge as deconfined excitations, called Z 2 vortices. When any quasiparticle q in the original SET phase is moved adiabatically around a Z 2 vortex once, it becomes its imageĝq under Z 2 symmetry operation. These Z 2 vortices are similar to a Majorana bound state in the vortex core of a spinless p + ip superconductor 56 in 2+1-D. However, they have different topological spin than those in p+ i p superconductors. To be specific, there are 4 inequivalent Z 2 vortices with topological spin exp(± ν 16 2π i ) and exp(± 8−ν 16 2π i ), as shown in TABLE III. All these non-Abelian topological orders have 9-fold GSD on a torus, corresponding to 9 different superselection sectors shown in TABLE VI. It's not hard to see that SET phases #1 and #3 lead to the same non-Abelian theory by gauging the Z 2 symmetry, and so do SET phases #2 and #4. However, SET phases #1 and #2 do lead to different non-Abelian topological orders after Z 2 symmetry is gauged. In particular, their 9 × 9 modular S and T matrices in the basis of 
. Among these 8 different SET phases, 4 comes from Z 2 spin liquids with on-site G s = Z 2 symmetry, and the other 4 from double semion theory with onsite G s = Z 2 symmetry. They are nothing but #1, #2, #3, #4 in TA-BLE II, together with #1, #2, #7, #8 in TABLE IV.
In Ref. 17 twelve different Z 2 -symmetry-enriched Z 2 topological orders are proposed, among which six are Z 2 spin liquids and the others are double semion theories. It was conjectured that different G s -symmetry-enriched G g -gauge theory (with gauge group G g ) are classified by group cohomology H d+1 (G, U (1)) in d-spatial dimensions, where G is an extension of symmetry group G s by gauge group where n 1 , n 2 , n 3 = 0, 1. It's not difficult to check that these 8 different SET phases labeled by (n 1 n 2 n 3 ) have 
Table IV: Classification of double semion theory (C1) enriched by onsite (unitary) Gs = Z2 symmetry, see Appendix C for details. There are 8 different "conventional" SET phases, where under Z2 symmetry all quasiparticles (s,s, b) merely obtain a U (1) phase factor. The data set in the 2nd line completely characterizes these SET phases. Kg denotes the topological order, which is obtained by gauging the unitary Gs = Z2 symmetry in the double semion theory. Some of these SET phases have Z2 symmetry protected (SP) edge states, which will be gapless unless Z2 symmetry is spontaneously broken. On gauging the Z2 symmetry (blue entries) a new quasiparticle qg is obtained, as described in Appendix B. Its statistics (C5)-(C6) are also summarized in the table: its self statistics θq g = 2πhq g has a one-to-one correspondence with its topological spin exp(2π i hq g ). Note, there are no 'unconventional' symmetry realizations with this topological order.
the following correspondence with our results: We want to emphasize that when the on-site unitary Z 2 symmetry is gauged, different SET phases could result in the same topological order. Therefore the structure of the topological order obtained by gauging the symmetry doesn't fully characterize one SET phase! For example with X 1,2 ∈ GL(4, Z) . and it's straightforward to see K(100) K(001) and K(110) K(011). In fact the 8 different matrices K(n 1 n 2 n 3 ) describe 5 different Abelian topological orders. Since these 8 theories correspond to different Dijkgraaf-Witten 38 theories, gauge theories with topological terms specified by We found that these 4 different SET phases have overlap with those 8 SET phases associated to H 3 (Z 2 × Z 2 , U (1)) = Z 3 2 : they are nothing but
"Conventional" SET phases #6 in TABLE II (Z 2 spin liquids) and #4, #6 in TABLE IV however, doesn't fall into these 12 classes. It's not clear at this point whether these SET phases can be described by group cohomology theory. (color online) A fermion mode (f ) localized at the boundary between two subsystem A and B which from a bipartition of the on a sphere, where the "unconventional" (type-II) Ising-symmetry-enriched Z2 spin liquid resides. Under the Ising symmetry operation, an electric charge e will transform into a magnetic charge m. Consider one electric charge is created in each subsystem. If we perform Ising (Z2) symmetry only on subsystem A, a fermion mode will emerge on the boundary, as the electric e charge turns into a magnetic charge m in A.
Measurable effects of "unconventional" Z2 symmetry realizations
Suppose there is a Z 2 spin liquid which preserves Z 2 spin rotational symmetry (for integer spins), are there measurable effects for these SET phases? More specifically, what are the distinctive measurable features of the "unconventional" Z 2 -SET phases? In this section we'll try to answer these questions in two aspects, i.e. measurements in the bulk and on the edge. We'll focus on unconventional SET phases in this section.
First of all, an important ingredient of SET phases is how their quasiparticles transform under symmetry G s . This gives us one way to measure an SET phase: to create quasiparticle excitations and apply symmetry operation on them. For example for a Z 2 spin liquid on a closed manifold (a sphere, say), a pair of electric charges e (1, 0, 0, 0) T (or magnetic charges m (0, 1, 0, 0) T ) can be created on top of the groundstate. For an onsite unitary symmetry (such as Z 2 spin-flip symmetry g), one can choose to perform the symmetry operation only on a part of the whole system. For example, FIG. 2 shows such a striking measurable effects on the unconventional Z 2 -symmetry-enriched Z 2 spin liquids. Assume in the SET phase a pair of electric charges e are created, one in subsystem A and the other in subsystem B. The whole system A B lives on a closed manifold, say a sphere on which the groundstate is unique. If we only perform the "unconventional" Z 2 symmetry operation g in subsystem A (but not in B), the electric charge e (1, 0, 0, 0) T in subsystem A will become a magnetic charge m (0, 1, 0, 0) T . However one electric charge and one magnetic charge cannot be created simultaneously Secondly, there are degenerate ground states once we put the SET phases on a closed manifold with nontrivial topology (with nonzero genus). For example, they have 4-fold GSD on a torus (or infinite cylinder). How these ground states transform under symmetry is a reflection of how anyon quasiparticles transform under symmetry. Specifically, one can always choose a set of basis called the minimal entropy states (MESs) 57 . As the name implies, each MES is a superposition of degenerate ground states which minimizes the bipartite entanglement entropy 58 , once a certain entanglement cut is chosen: e.g. along the y-direction in the middle of the infinite cylinder as shown in FIG. 3 . The MESs are flux eigenstates 59 , which keeps maximum knowledge of the states after the entanglement cut. Specifically for a Z 2 spin liquid, we can label the 4 MESs as |1 , |e , |m , |f on an infinite cylinder. Remarkably under the "unconventional" (type-II) Ising symmetry operation, two MESs (|e and |m exchanges) and their linear combinations |± = (|e ± |m )/ √ 2 are the Ising symmetry eigenstates. Therefore the MESs necessarily breaks Ising symmetry in such an unconventional SET phase! This phenomena can be actually measured in numerical studies 10 .
Thirdly, the edge state structure encodes many information of a SET phase, when it supports symmetry protected edge modes. For unconventional SET phases, there are always gapless edge excitations protected by symmetry, unless the symmetry is spontaneously broken on the boundary. In the specific case of unconventional Z 2 -symmetry-enriched Z 2 spin liquids summa- TABLE III ). In these SET phases, under Z2 symmetry operation, one electric charge will transform into a magnetic charge and vice versa. The on-site unitary Z2 (Ising) symmetry can be, e.g. a spin-flip symmetry. On the two sides of the Ising-symmetry domain wall, two different backscattering "mass" terms related by spin-flip Ising symmetry are added to gap out the edge states. These two mass terms break Z2 symmetry in opposite ways. A non-Abelian bound state with quantum dimension dq g = √ 2 is localized at each Ising domain wall. For a "conventional" Z2-SET phase, such a Ising mass domain wall will trap an Abelian bound state with quantum dimension 1.
rized in TABLE III, one important feature is that SET phases #1 and #2 supports gapless (non-chiral) Majorana fermion excitations on the boundary, with central charge c = 1/2 mod 1. However this is not universal for all unconventional SET phases. A more interesting effect comes from the bound state localized at a Z 2 domain wall on the edge. Take SET phase #1 for example, a perturbation on the edge
can fully gap out the edge excitations in (5)- (6) On the other side of the Z 2 domain wall, Z 2 symmetry is broken in the opposite way so that A 1 = 0 and A 2,4 = 0. Physically the electric charges are condensed on one side of the domain wall, while magnetic charges condense on the other side. At the domain wall a non-Abelian (Majorana) bound state 60 is localized, which has quantum dimension √ 2, as illustrated in FIG.  4 . Such a domain-wall-bound state is similar to those localized at the (ferromagnetism/superconductivity) mass domain walls of a quantum spin Hall insulator 61 . In the vertex algebra context, these domain-wall-boundstates correspond to quasiparticle q 6 (in the 8th role) in TABLE VI. In SET phase #1 e.g. it has topological spin exp(−i π/8). In the bulk-edge correspondence of SET phases, such a bound state on the edge is related to the Z 2 vortex q g in the bulk.
In previous sections we use the Chern-Simons approach to study SET phase which are non-chiral, i.e. there are no gapless edge excitations in the absence symmetry. ChernSimons approach also applies to chiral topological phases, which has gapless edge modes even in the absence of symmetry. These chiral phases have a nonzero chiral central charge 39 c − and quantized thermal Hall effect 53 , which necessarily breaks time reversal symmetry. In the following we'll use Laughlin states as illustrative examples of chiral SET phases. , (k ∈ Z) with onsite Z2 symmetry
A Laughlin state
5 at filling fraction ν = 1/m is described by K m in effective theory (1) . When m =even it describes a bosonic topological order, while m =odd corresponds to a fermionic state. Such an effective theory also describes chiral spin liquids 43, 62 . Here we start from the simplest case i.e. m = 2. It has 2-fold GSD on torus, corresponding to two different types of quasiparticles (or two superselection sectors): boson 1 and semion s. Under a unitary Z 2 symmetry a semion always transforms into a semion, hence we don't expect any unconventional SET phases where two inequivalent quasiparticles exchange under Z 2 operation. Again due to the existence of nontrivial Z 2 -SPT phase of bosons in 2+1-D, we use the following 3 × 3 matrix
in (1) to represent a generic ν = 1/2 Laughlin state with Z 2 symmetry. The group compatibility conditions (18) for symmetry transformations (15) are (η g = 1 for unitary Z 2 symmetry)
The inequivalent solutions to the above conditions are W g = 1 3×3 and
They correspond to 4 different SET phases as summarized in TABLE V with k = 1. Accordingly the new quasiparticle (i.e. Z 2 vortex) q g emerging after we gauge the unitary Z 2 symmetry is q g = (i 1 , i 3 , 1) T /2. Its topological spin is given by exp(2π i h qg ), where
Its mutual statistics with semion s = (1, 0, 0) T is
Following the Chern-Simons approach to gauge the unitary Z 2 symmetry described in Appendix B, we obtain the following topological order
and hence
Specifically for SET phase #4 in TABLE V, its "gauged" theory has the following quasiparticle contents in (36) :
where ( T . In a complete parallel fashion we can study generic "conventional" Z 2 -symmetry-enriched even-denominator Laughlin state at ν = 1/(2k), k ∈ Z. Without loss of generality, a ν = 1/(2k) Laughlin state with unitary Z 2 symmetry is represented by
It has 12 different quasiparticles (or superselection sectors) labeled as
The group compatibility conditions (18) for symmetry transformations (15) have the following inequivalent solutions
K 2k with unitary symmetry Gs = Z2 = {g, e = g 2 } Data set in (19) : , k ∈ Z bosonic Laughlin state (or chiral spin liquid with 2k-fold GSD on torus) enriched by onsite (unitary) Gs = Z2 symmetry. There are 4 different conventional SET phases, where under Z2 symmetry all quasiparticles merely obtain a U (1) phase factor. The data set in the 2nd line completely characterizes these SET phases. Kg denotes the topological order, which is obtained by gauging the unitary Gs = Z2 symmetry in the Z2 spin liquid. On gauging the Z2 symmetry (blue entries) a new quasiparticle excitation qg is obtained. Its statistics (B3)-(B4) are also summarized in the table: its self statistics θq g = 2πhq g has a one-to-one correspondence with its topological spin exp(2π i hq g ).
where i 1,3 = 0, 1. The solution i 1 = 2 represents the same SET phase as i 1 = 0, according to Corollary II in the criterions. Comparing with the ν = 1/2 bosonic Laughlin state case, we can see there is a universal structure for all bosonic Lauglin state with K 2k, k ∈ Z. To be specific, for a ν = 1/2k bosonic Laughlin state, there are 4 different Z 2 -SET phases as summarized in TABLE V. The quasiparticles (or edge chiral bosons) transform as
under "conventional" Z 2 operation. After gauging the Z 2 symmetry, one obtains a quasiparticle (the Z 2 vortex) q g = (i 1 , i 3 , 1) T /2. Its topological spin is given by exp(2π i h qg ) where
Its mutual statistics with anyon
Again following the Chern-Simons approach to gauge the unitary Z 2 symmetry described in Appendix B, we obtain the following topological order
All these 4 Abelian topological orders obtained by gauging symmetry has | det K g | = 8k fold GSD on a torus.
Now let's turn to the simplest fermionic Laughlin state with K 3. It has 3-fold GSD on a torus and anyon excitations with statistics θ = ±π/3. We consider the following matrix in effective theory (1)
where K t generically take the form of (13) and (14) . Notice that for a fermion system with only Z
N f } (fermion number parity) symmetry, there is no nontrivial SPT phases 26, 63 in 2+1-D, which hosts gapless edge excitations protected by Z f 2 symmetry. This fact suggests that K = 3 is enough to describe a ν = 1/3 fermionic Laughlin state with only Z f 2 symmetry. Now for such a 1 × 1 matrix K = 3, the group compatibility conditions (18) becomes (note that P = 2 for fermions)
for a unitary Z 2 symmetry g. The gauge inequivalent solutions are δφ g = n 6 π with n ∈ Z. However notice a fermions in this system have gauge charge 3 in (1), or alternatively it's represented by e 3 i φ on the edge (5)- (6) . Under the Z f 2 operation g each fermion obtains a −1 sign, which means 3δφ g = π mod 2π and n must be even in (45) . Therefore the quasiparticle (chiral boson) transform as
According to Corollary II on smooth sewing condition between edges, we know different integer n ∈ Z above correspond to the same Z f 2 -SET phase. As a result when only fermion number parity (Z f 2 symmetry) is conserved, the Laughlin ν = 1/3 state of fermions is unique.
It's straightforward to see that after gauging the Z f 2 symmetry, we obtain an Abelian topological order
In fact, the above conclusion is true for any fermionic Laughlin state at ν = 1/(2k + 1), k ∈ Z with conserved fermion number parity. In the presence of Z f 2 symmetry, it is unique with K = 2k + 1. After gauging the Z f 2 symmetry, we obtain an Abelian topological order K g = 4(2k + 1).
E. Z2 spin liquids with onsite Z2 × Z2 symmetry
In the end we turn to a Z 2 spin liquid K 0 2 2 0 in the presence of Z 2 × Z 2 symmetry. The symmetry group G s = Z 2 × Z 2 = {e, g 1 , g 2 , g 1 g 2 } consists of two generators g 1 and g 2 , satisfying the following algebra:
In an integer-spin 79 system these two generators g 1,2 can correspond to e.g. spin rotations alongx (g 1 ) andẑ (g 2 ) direction by an angle of π. Naturally the π-spin-rotation alongŷ direction corresponds to group element g 1 g 2 .
Here we'll not attempt to fully classify all Z 2 × Z 2 -symmetry-enriched Z 2 spin liquids. Instead, we focus on one nontrivial example, where spinons transforms projectively under Z 2 × Z 2 symmetry, in the sense that under 2π-spin-rotation along any (x,ŷ,ẑ) direction the spinon (or electric charge e) obtains a Berry phase −1, just like a half-integer spin. On the other hand, the vison (or magnetic charge m) transforms trivially under the spin rotations. Such a SET phase can be easily realized by e.g. Schwinger boson 64 representation of Z 2 spin liquids, for integer spin-S (S = 0, 1, 2, · · · )
where σ are Pauli matrices. The following constraint needs to be enforced for each spin
to guarantee S 2 = S(S +1) for a spin-S system. Once the bosons b ↑/↓ form a pair superfluid (but not a superfluid) with bb = 0 (but b = 0), the resulting spin-S state after projection into the physical Hilbert space (50) is a Z 2 spin liquid 13, 65 . Its spinon excitations b ↑/↓ carry halfspin each, hence transforming projectively under SO(3) (and hence Z 2 × Z 2 ) spin rotations. By "transforming projectively" we simply mean that after all three symmetry operations in (48) which equals identity operation e, all spinons obtain −1 Berry phase instead of remaining invariant (or transforming linearly). In the following we'll show such a Z 2 × Z 2 SET phase can be captured in the Chern-Simons approach.
Starting from a 4 × 4 matrix K 0 = 0 2 2 0 ⊕ 0 1 1 0 to describe Z 2 spin liquid, for clarity we first perform a GL(4, Z) gauge transformation (23) 
We study Z 2 spin liquid with Z 2 × Z 2 spin rotational symmetry in the above representation K. Notice that
Apparently the first two components (φ 1,2 in the edge chiral boson context) can be regarded as spinons, which obey semionic mutual statistics with the last two components (φ 3,4 ) i.e. the visons. Two spinons (visons) are mutually local w.r.t. each other as indicated by (3). In a Z 2 × Z 2 symmetry group (48), the group compatibility conditions for symmetry transformations
where n 1 , n 2 , n ∈ Z 4 . Among all inequivalent solutions to these group compatibility conditions (48), the following one
corresponds to such a integer-spin Z 2 spin liquid where spinons transform projectively under the Z 2 × Z 2 spin rotations. To be specific, the quasiparticles transform as
Indeed each spinon (φ 1,2 ) acquires -1 Berry phase after every 2π-spin-rotation, while visons (φ 3,4 ) transform trivially.
Notice that in such a SET phase there is no symmetry protected gapless edge states, i.e. generically all edge states are gapped in the presence of Z 2 × Z 2 symmetry. Specifically the following backscattering terms can be added to the edge action (5)- (6) without breaking symmetry
All the chiral boson modes {φ i |i = 1, 2, 3, 4} on the edge will be gapped out by this term.
F. Comments on symmetry protected edge states in SET phases
In this section we briefly comments the symmetry protected edge states in all SET phases discussed above. First of all for a chiral topological order, such as Laughlin state 5 at filling fraction ν = 1/m, its edge excitations have net chirality |n + − n − | = 0 and hence cannot be destroyed even in the absence of any symmetry. These chiral topological orders are featured by quantized thermal Hall transport 53 . On the other hand, the edge excitations of a non-chiral topological order have both right and left movers and can be fully gapped out in the absence of any symmetry 66 , such as in Z 2 spin liquids K 0 2 2 0 and double semion theory K 2 0 0 −2 . In the presence of global symmetry G s , they might have symmetry protected gapless edge modes, if the edge backscattering terms are forbidden by symmetry. To be specific, the backscattering terms are typically Higgs terms (8 TABLE IV for Ising-symmetry-enriched double semion theories. Among the 8 different SET phases, only #1 and #7 don't host symmetry protected gapless edge states.
IV. CONCLUDING REMARKS
In summary, we have presented a general framework to study 2+1-D symmetry enriched topological phases with Abelian topological order, using the Chern-Simons approach. It allows us to implement generic on-site unitary (or anti-unitary) symmetry in an Abelian topologically ordered phase in 2+1-D, to differentiate whether two states belong to the same SET phase or not, and to gauge a generic unitary symmetry and extract the resultant topological order. Based on this general formulation, we classify all different SET phases in a series of examples, including Z 2 spin liquids with time reversal symmetry (TABLE I) , Z 2 spin liquids with unitary Ising symmetry (TABLE II and III), double semion theory with  unitary Ising symmetry (TABLE IV), bosonic Laughlin states with unitary Ising symmetry (TABLE V) and others. We also show that (odd-denominator) fermionic Laughlin states with only conserved fermion number parity (Z f 2 symmetry) is unique. Consequences of gauging symmetries and measurable effects, such as gapless edge states, are also discussed for these SET phases.
A number of directions remain. Can the approach applied be extended to spatial symmetries? Can we extend this framework to symmetry enriched non-Abelian topological orders in 2+1-D and SET phases in 3+1-D? While SPT phases form an Abelian group, it is presently unclear if the set of SET states have additional structure.We leave these questions to future work.
The following results will be useful
Appendix B: Chern-Simons approach to gauge a unitary symmetry
In this section we discuss how to obtain the (intrinsic) topological order by gauging the unitary symmetry 25 in an Abelian SET phase. We'll restrict ourselves to "conventional" SET phases, characterized by data [K,
In these cases the chiral bosons φ I only acquire U (1) phase factors φ I → φ I + δφ g I after unitary symmetry operation g ∈ G s . When we couple the quasiparticles to a gauge field (with gauge group G s ), the following gauge flux
becomes deconfined excitations in the system. Since in a Chern-Simons theory (1) gauge charges are always combined with gauge fluxes by the following equation of motion
Therefore the new excitation (emerged after gauging the symmetry, called Z 2 vortex) carries gauge charge vector Kδ φ g /(2π). We will denote a unit of this new excitation (the Z 2 vortex) as q g . Therefore the new topological order K g obtained by gauging symmetry must include this excitation in its quasiparticle contents. More precisely, the quasiparticle contents of topological order K g is expanded by all the integer vectors as well as multiples of
where {g} are the generators of symmetry group G s that are gauged. And we can identify the new matrix K g which contains all these quasiparticles in its spectra.
In the following we work on one example to demonstrate this gauging procedure.
We consider SET phase #6 in TABLE II, with K = 0 2 2 0 ⊕ 0 1 1 0
T with i 1,2,4 = 0, 1. According to (B1) we know here a generic quasiparticle is labeled by gauge charge vector
Since this new Abelian topological order is determined by the statistics of its quasiparticles, we immediately obtain
Clearly from (2)- (3) we know the self statistics of new quasiparticle q g is
and its mutual statistics with original quasiparticles e, m, f of Z 2 spin liquid arẽ
Topological spin 39 exp(2π i h q ), the Berry phase obtained by adiabatically rotating a quasiparticle q by 2π, is an important character of a 2+1-D topological order. In Abelian topological orders, the topological spin exp(2π i h qg ) has a one-to-one correspondence to the selfstatistics (B3) of a quasiparticle in unit of 2π:
For the "unconventional" SET phases, e.g. in our case with G s = Z 2 , the Z 2 symmetry would exchange quasiparticles that belong to different superselection sectors in Abelian topological order K. Gauging this kind of Z 2 symmetry will in general lead to U (1) N Z 2 ChernSimons theory 55 , which describes non-Abelian topological orders in relation to Z 2 orbifold conformal field theory 67, 68 . 
can capture all the different Z 2 -symmetry-enriched double semion theory. Such a theory has the following quasiparticle contents in its spectra
where s ands represents semion and anti-semion respectively, and b is the bound state of a semion and an anti-semion. b has bosonic self statistics (2) but mutual semion(anti-semion) statistics with s(s). Here {1, s,s, b} represents the 4 superselection sector of double semion theory. Any two quasiparticles differing by a local excitation 0 belong to the same superselection sector. Now let's consider the implementation of unitary G s = Z 2 symmetry on double semion theory. We have group compatibility condition (18) for symmetry transformation (15) on quasiparticles: 
We consider 80 the solutions to (C3) with W g = 1 4×4 . Due to Criterion I, the gauge inequivalent solutions of δ φ g to (C3) are summarized in TABLE IV.
Following Appendix B, we briefly discuss consequences of gauging the unitary Z 2 symmetry in the double semion theory. Since the symmetry transformation is a U (1) phase shift δ φ g = π(i 1 /2, i 2 /2, 1, i 4 ) T as shown in TA-BLE IV, the quasiparticle content in the new topological order obtained by gauging Z 2 symmetry is expanded by gauge charge vector:
and therefore
Take #7 Again from (2)- (3) we can obtain the self statistics of new quasiparticle q g as
The topological spin of this new quasiparticle is given by exp(2π i h qg ) where
Unlike others, for SET phases #4, #6, #8 it's not easy to find a GL(4, Z) transformation (11) on K g matrix (C4) to reduce it to a simpler form. e.g. one can only show for SET phase #4
and for SET phase #6 
However, a one-to-one correspondence between the quasiparticle contents of two seemingly different K g matrices can be established. For example, there are 16 different superselection sectors (or 16 quasiparticle types) for Abelian topological order K g in (C4), obtained by gauging Z 2 symmetry in #4 SET phase (i 1 = 1 = i 4 , i 2 = 0):
The Abelian topological order obtained by gauging Z 2 symmetry in #8 SET phase (i 2 = i 4 = i 1 = 1), however, doesn't correspond to any of the usual Z 2 × Z 2 (or Z 4 ) gauge theory. Instead it is characterized by the following matrix
And it has 16 different types of quasiparticles:
Among them four has bosonic self statistics (θ = 0 mod 2π), six with semionic statistics (θ = π 2 mod 2π) and the other six with anti-semionic statistics (θ = − π 2 mod 2π). In the above basis, the 16 × 16 modular Smatrix 39,69 of this Abelian topological order is given by
Appendix D: Vertex algebra approach to gauge a unitary symmetry
The Chern-Simons approach to gauge a unitary symmetry, introduced in Appendix B, applies to all cases where we obtain an Abelian topological order after gauging the symmetry. Thus for any "conventional" SET phases we can gauge its unitary symmetry and obtain an Abelian topological order in the Chern-Simons approach. For "unconventional" SET phases, such as those summarized in TABLE III, gauging a unitary (e.g. Z 2 ) symmetry will result in non-Abelian topological orders. In the case G s = Z 2 as discussed in this work, these nonAbelian topological orders are described by U (1) N Z 2 Chern-Simons theory 55 . In these "unconventional" cases the Chern-Simons approach introduced previously is not enough. In order to obtain the full structure (such as topological spin exp(2π i h) of quasiparticles and modular S matrix associated with quasiparticle statistics) of these non-Abelian topological orders, here we introduce a vertex algebra approach to gauge the unitary symmetry. It applies to both the "conventional" and "unconventional" SET phases and in the following we'll demonstrate its power by two examples: "conventional" and "unconventional" Z 2 -symmetry-enriched Z 2 spin liquids.
1. The vertex algebra formalism, and application to "conventional" SET phases
The vertex algebra approach 40, 70, 71 is based on the close connection 48, 68 between the bulk topological order (described by 2+1-D topological field theory) and its boundary excitations (described by 1+1-D conformal field theory) in two spatial dimensions. Let's take Z 2 spin liquid (24) for an example. The edge effective theory (5) contains two branches of chiral bosons {φ 1,2 }, which could be reformulated by a c = 1 U (1) × U (1) Gaussian model with a holomorphic and anti-holomorphic part:
The Gaussian model has Lagrangian density
and φ(z)φ(w) = − ln(z −w). The free boson field ϕ has compactification radius R = 2 for Z 2 spin liquid (24) so that periodicity ϕ ∼ ϕ + 2πR holds. In general for K = 0 N N 0 in (5) the associated compactification radius of scalar boson
is R = √ 2N . The allowed physical excitations must be compatible with 2πR periodicity of bosons and they are
for holomorphic part (and similarlyV k for antiholomorphic part). These 2N vertex operators are primary fields of the holomorphic U (1) conformal field theory (CFT) and they form different representations of the conformal algebra. From (D1) one can see they have the following (radial-ordered) operator product expansion 73 (OPE):
for α + β = 0. There is an energy-momentum tensor T = − 1 2 (∂ϕ) 2 which generates the conformal transformation of the vertex algebra, so that any primary field P (z) has the following OPE with energy-momentum tensor
where h P is the scaling dimension of primary field P . Apparently the vertex operator exp i αϕ(z) has scal-
Another primary field is the current operator j(z) ≡ i ∂ϕ(z) which have scaling dimension h j = 1. And we have
These OPEs imply the following fusion rules of primary fields
Similar results hold for anti-holomorphicφ(z) part, only that all scaling dimensions changes sign for their antiholomorphic counterparts. A natural question is among all these primary fields, which ones appear in the physical edge spectra of the topologically ordered phase? There are a few physical principles to follow. First of all every physical edge excitation (e i i liφi , l i ∈ Z) must be a primary field. Secondly, there are electron operators (or the microscopic local degrees of freedom e i i,j liKi,j φj , l i ∈ Z) which is local with respect to all other edge excitations. In the context of vertex algebra, two operators A and B are local w.r.t. each other if and only if in OPE
where C is also a primary field and f C A,B is a structure constant. For example before we gauge the Z 2 symmetry, for Abelian topological order K = 0 N N 0 the electron operator is
It's straightforward to check that all allowed quasiparticles (local w.r.t. the above electron operator) have the following form
Lastly, any two primary fields differing by an electron operator are regarded as the same (or belong to the same superselection sector). Now let's go back to Z 2 spin liquids with K = 0 2 2 0 ⊕ 0 1 1 0 , which have 4 branches of chiral bosons {φ i , 1 ≤ i ≤ 4}. We can introduce free bosons ϕ 1 (z),φ 1 (z) for chiral bosons φ 1,2 as in (D2) with N = 2, and free bosons ϕ 2 (z),φ 2 (z) for chiral bosons φ 3,4 as in (D2) with N = 1.
In other words we have 
Before gauging the unitary Z 2 symmetry, the four superselection sectors (or 4 types of different quasiparticles) correspond to
Now after gauging the "conventional" Z 2 symmetries in TABLE II, as discussed in Appendix B, a new type of quasiparticles q g becomes deconfined excitations:
where i 1,2,4 = 0, 1 in δ φ g . Notice that when such a Z 2 vortex q g is deconfined, we have to modify the previous definition of electron operators 1 in (D8). The new electron operator is defined as anything that is local w.r.t. quasiparticles {e, m, f, q g }. With this new definition for electron operators, we can track down all the inequivalent quasiparticles (superselection sectors) and obtain the full structure of the topological order obtained by gauging Z 2 symmetry. One can easily check this approach indeed reproduces TABLE II, consistent with the result of Chern-Simons approach.
In the vertex algebra context, the scaling dimension h of a quasiparticle determines its topological spin exp(2π i h), the Berry phase obtained by self-rotating a quasiparticle adiabatically by 2π. On the other hand, the mutual statistics of quasiparticle A and B is given byθ A,B = −2πα A,B in OPE (D6).
Application to "unconventional" SET phases
For a "unconventional" SET phase, e.g. where two inequivalent quasiparticles (e and m in Z 2 spin liquid) are exchanged under Z 2 symmetry operation as summarized in TABLE III, a non-Abelian topological order is obtained by gauging the Z 2 symmetry. Here we apply the vertex algebra approach to extract the full structure of these non-Abelian topological orders.
First let's review some known results, discussed in detail in Ref. 55 Under the unconventional Z 2 symmetry operation two superselection sectors e ↔ m exchanges and so does chiral bosons φ 1 ↔ φ 2 . Therefore in the context of vertex algebra (D2) the anti-holomorphic free bosonφ → −φ under Z 2 symmetry operation! After this "unconventional" Z 2 symmetry is gauged for Z 2 spin liquids (N = 2), we obtain an non-Abelian topological order whose quasiparticle content has an antiholomorphic part (fromφ) given by Z 2 orbifold CFT 67,68 with compactification radius R = 2. It has been shown that Z 2 orbifold CFT is equivalent to Ising×Ising (or Ising 2 ) CFT 67 . In each Ising CFT there are 3 different quasiparticles: vacuum (or boson) 1, fermion ψ and the "disorder" field 74 σ with the following fusions rules:
Both 1 and ψ have quantum dimension 1 while disorder operator σ has quantum dimension √ 2. Their scaling dimensions are 0, 1/2 and 1/16. Therefore the Z 2 orbifold CFT, equivalent to the direct product of two copies of Ising CFTs, contains 9 = 3 × 3 inequivalent quasiparticles (superselection sectors). The quasiparticle contents of the Z 2 orbifold CFT are summarized in the first 3 columns of TABLE VI. Now let's get back to our cases of Z 2 spin liquids with unconventional on-site Z 2 symmetry. There are 4 such SET phases as summarized in TABLE III. After gauging the unitary Z 2 symmetry, they all lead to non-Abelian topological orders with 9 inequivalent quasiparticles (superselection sectors). In the vertex algebra context, they all share the same antiholomorphic (φ 1 ) part which gives rise to the non-Abelian quasiparticles. However, their different holomorphic parts discriminates these 4 SET phases. A key issue in determining the quasiparticle contents is: which quasiparticles are identical (or belong to (ν = 1) ⊗ (ν = 15) (ν = 5) ⊗ (ν = 11) (ν = 7) ⊗ (ν = 9) (ν = 3) ⊗ (ν = 13) Table VI : Quasiparticle (q.p.) contents of non-Abelian topological orders obtained by gauging the Z2 symmetry in "unconventional" SET phases as summarized in TABLE III. They are related to Z2 orbifold CFT compactified at radius R = 2. The fusion rules of non-Abelian quasiparticles have a one-to-one correspondence to the two copies of Ising CFT (i.e. Ising 2 theory). Each quasiparticle qa correspond to a vertex operator (a primary field) in the vertex algebra (which are CFTs) defined through operator product expansion (OPE), and its (conformal) scaling dimension ha ( mod 1) physically relates to the topological spin exp(2π i ha) of the quasiparticle. The modular S matrix of such non-Abelian topological orders is also determined by the OPEs between vertex operators. Allowed quasiparticles must be local w.r.t. any electron operators ∼ 1. Any two quasiparticles differing by an electron operator are considered as the same. The scaling dimensions in the Ising 2 CFT (or Z2 orbifold model) are h1 = 0, hj = 1, h f 1 = h f 2 = 1/2, hV 1 = 1/8, h σ 1 = h σ 2 = 1/16 and h τ 1 = h τ 2 = 9/16. We label these 9 different quasiparticles (or superselection sectors) as qa, 0 ≤ a ≤ 8, which is shown in the (a + 2)-th row of this table. All 4 non-Abelian topological orders (#1 − #4) have 9-fold GSD on a torus, corresponding to 9 different superselection sectors.
the same superselection sector), after the symmetry is gauged?
In the vertex algebra context, once we fix the electron operator 1 ∼? (or the trivial sector) which is local w.r.t. all quasiparticles, the full structure of inequivalent quasiparticles is determined. So the above issue becomes the following question: how to determine the electron operators in the vertex algebra, once we gauge the unitary symmetry? The answer lies in the following physical principle:
If in the original SET phase, two quasiparticles belong to the same superselection sector ( i.e. they are equivalent) and transform in the same way under a unitary symmetry, then they belong to the same superselection sector after the unitary symmetry is gauged.
To be specific, if two quasiparticles q A and q B belong the same superselection sector and transform in the same way under unitary symmetry, then after gauging the symmetry, quasiparticle q A q † B ∼ 1 (q † B is the anti-particle of q B ) belong to the trivial sector. For instance, in SET phase #1 in TABLE III and VI, the following two quasiparticles belong the the trivial sector and are both odd under Z 2 symmetry g:
and they are both their own anti-particles. Besides the following two fermions also belong the same superselection sector and are both even under Z 2 symmetry:
Both of them are also their own anti-particles. Therefore we have the following definitions of electron operators (or trivial sector) as shown in This enables us to obtain all the 9 inequivalent quasiparticles (superselection sectors) as summarized in TA-BLE VI, for the non-Abelian topological order acquired by gauging Z 2 symmetry in these SET phases.
As discussed earlier, in the vertex algebra approach, the mutual statistics of two quasiparticles A and B is given in their OPE (D6) by S A,B = exp(iθ A,B ) = exp(−2π i α A,B ). If quasiparticles A and B leads to more than one fusion channels, the corresponding entry S A,B = 0 vanishes in the modular S matrix. Besides, scaling dimensions {h q } of quasiparticles {q} determine their topological spins T A,B = δ A,B exp(2π i h A ), which corresponds to the modular T matrix. So we can extract all the topological properties of the non-Abelian topological orders, obtained by gauging Z 2 symmetry in SET phases.
The modular S matrix in the basis q a (0 ≤ a ≤ 8, see TABLE VI) of the 9 different quasiparticles (superselection sectors) is S #1 = Clearly after gauging the unconventional Z 2 symmetry, SET phases #1 and #3 lead to the same non-Abelian topological order. They share the same S and T matrices, differing by a relabel of quasiparticles in TABLE VI. For example quasiparticle q 5 in #1 phase corresponds to quasiparticle q 6 in #3 phase. Similarly SET phases #2 and #4 lead to the same non-Abelian topological order, by gauging the unconventional Z 2 symmetry.
It's easy to verify that they satisfy the following consistency conditions 39 for modular transformations:
where the U (1) phase factor Θ is defined as 
d a and h a corresponds to the quantum dimension and topological spin exp(2π i h a ) of quasiparticle q a respectively. c − is the chiral central charge of the edge excitations of the topological ordered phase. All the nonAbelian topological orders in TABLE VI have c − = 0 and hence Θ = 1. In fact for all the 4 non-Abelian topological orders (#1−#4) summarized in TABLE VI, their modular S and T matrices satisfy S 2 = (ST ) 3 = 1 9×9 . Starting from a Z 2 gauge theory (Z 2 spin liquid or double semion theory) with unitary Z 2 symmetry, once the symmetry is gauged, a resultant Z 2 × Z 2 gauge theory is expected 17, 38 . The above non-Abelian topological orders can be regarded as "unconventional" Z 2 × Z 2 gauge theories, related to Kitaev's 16-fold way classification 39 of Z 2 gauge theories in 2+1-D. In particular, they are associated with Z 2 gauge theories where fermions having an odd Chern number (ν =odd) couple to Z 2 gauge fields. Notice that before gauging the symmetry, all 4 SET phases have non-chiral edge excitations with chiral central charge c − = 0. As a result, we expect that after gauging the Z 2 symmetry their edge states remain nonchiral and should be gapped due to backscattering in a generic situation. Indeed in all the "gauged" non-Abelian topological orders in TABLE VI, a Z 2 gauge theory with fermion Chern number ν is always accompanied by its time-reversal counterpartν ≡ 16 − ν mod 16 through a direct product.
To be specific, in Ref. 39 Kitaev introduced a 16-fold way classification of 2+1-D Z 2 gauge theories, describing fermions coupled to a Z 2 gauge field. When the Chern number ν of fermions changes by 16, one ends up with the same Z 2 gauge theory. Specifically when ν =odd, associated Z 2 gauge theory contains 3 inequivalent quasiparticles: vaccum (or boson) 1, fermion ψ (ε in Kitaev's notation 39 ) and vortex σ. Their fusions rules are the same as (D9), i.e. those in Ising anyon theory 69 . Their quantum dimensions are
The topological spin exp(2π i h) of these quasiparticles are given by
Therefore when ν = 1 this corresponds to the Ising anyon theory. When a direct product of a Z 2 gauge theory with Chern number ν (we denote this Z 2 gauge theory by ν) and its time reversal counterpartν = 16 − ν is made, one can combine the fermion ψ in ν and the vortexσ inν to form a new vortex operator, which have scaling dimension 
lead to the same topological order. As a result SET phases #1 and #3 (#2 and #4) in TABLE III lead to the same non-Abelian topological order, by gauging the unitary Z 2 symmetry.
